Standard canvas and stretcher sizes satisfying golden and silver ratios as well as optimal use of material 
I. INTRODUCTION
Canvas has been used in oil painting starting from the end of 15th century in Italy. A century later the use of canvas in painting spread to England, where canvases and stretchers were standardized and manufactured to be sold to artists [1] . In 19th century a new system of standards for canvas sizes was introduced in France (the so-called second standardization after the first one in 17th century) [2, 3] . This system has been accepted throughout Europe and even imported to Japan, where it remains the only one for canvas and strainer formats available from the local manufacturers of art materials. In the French standards the size increment goes discretely from size 0 (called point 0 or toile de 0) to size 120 (called point 120 or toile de 120) with 20 sizes for each of three formats, which are the figure (F), landscape (paysage, P) and marine (M) ones, as shown in Table I . The Japanese standard sizes are identical to the French ones except some slight errors due to conversion and rounding up from the metric units to the Japanese shaku units in the Meiji era and the reverse conversion Since the silver ratio is given as δ S = 1 + √ 2, one may say that √ 2 is related to the silver number as δ S − 1 [4] . Just it has been claimed that in the standard French canvas sizes, the height (the shorter length) of a canvas in the F format is equal to its width (the longer length) divided by 2Φ or 2/ϕ, where Φ is golden ratio conjugate, Φ = ( √ 5 − 1)/2 = 1/ϕ = 0.6180339887.... As for the P format, its height is equal to its width divided by √ 2. Finally, the height of M format is equal to its width divided by ϕ. This allows two identical F format canvases to be jointed along their widths to make one M format canvas, whose width is twice the height of the F format canvas. Just to quote some references, this interpretation is given on the website of a prestigious art university [5] , and on the technical information page of one of the world's largest manufacturers of professional art materials [6] .
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have the ratios of width to height that match the golden or silver ratio. Indeed, for the F format, only the sizes F3, F6, F12, F25, F40, F100, and F150 have the width-to-height ratios close to 2Φ. For the P format, the sizes P3, P8, P30, P50, P100, P150, and P200 have these ratios close to √ 2, whereas for the M format, the sizes M5, M12, M50, M60, M80, M200, and M300 are those whose ratios of width to height are close to ϕ. For the remaining sizes these ratios deviate from the corresponding golden and silver ratios, and the deviations are particularly large in some cases like at sizes 1, 120 and M15.
The first original and systematic research on the history of French standard canvas formats as well as their subsequent use and development in France has been carried out by Anthea Callen. In her PhD thesis in 1980 [7] , summarized in Ref. [8] , she has demonstrated how these formats did not conform to any harmonious ratios. Her detailed diagrams and results of calculations have revealed that these standard canvas formats were actually the result of economic determinants, such as the optimal use of fabric width produced by the fixed loom size, rather than aesthetic ones. This research has been taken up later on by Pascal Labreuche [2, 3] , Ann Hoenigswald [9] and others.
As a matter of fact, as Callen has already observed [7, 8] , the canvas widths of the sizes from 0 to 120 in the French standards are the same as those mentioned by Antoine-Joseph
Pernety already in 1757 in Ref. [10] , where he pointed out that the points assigned to the different sizes of the prepared and pre-stretched canvases just referred to their costs in sols (or sous). For example, a size 20 canvas would cost 20 sous. Although Pernety presented the measurements in the ancient units, pieds and pouces, the later conversion into the metric units (in cm and mm) does not change these sizes significantly except for some rounding up, which remain as the sizes of F format canvases nowadays. In Ref. [3] Labreuche has also noted that attempts have failed to find the golden ratio or a close value in the table of standard canvas formats in 18th century.
This point of view seems to hold also because of rationalized wood cutting in manufacturing canvas stretcher bars [3] . Indeed, Table I reveals a striking rule regarding the heights of the F, P, and M formats in the successive sizes, namely the height of the ith size in the F format is equal to that of the (i + 1)th size in the P format, which in turn is the same as that of the (i + 2)th size in the M format. For instance, the heights of the F0, P1, M2 are the same and equal to 14 cm; so are those of the F1, P2, M3, which are equal to 16 cm, etc.
This rule allows the manufacturer to make the shorter stretcher bars of the same length for assembling stretchers of 3 formats (F, P, and M) in the same way as the longer stretcher bars of the same length can be used for all three formats. Consequently it reflects the optimal use of material in manufacturing stretcher bars and pre-stretched canvases. In the rest of the present work this rule will be referred to as the rule for optimal use of material. It can be written as
where F (i), P (i+1) and M(i+2) denote the heights of the F, P, and M formats, respectively, at their corresponding i, i+ 1 and i+ 2 sizes. An exception is the last size i = 20 (point 120), where the heights are set to be the same as the corresponding heights at i = 19, because there is no larger size.
Of course, it is trivial to design a new system of standard canvas and stretcher sizes that strictly follow the golden and silver ratios, keeping the same traditional lengths for the widths W (i) at each size i. But these new heights, which are obtained by simply dividing the standard widths W (i) by 2Φ, √ 2 and φ to obtain F (i), P (i), and M(i), respectively, 
...
obviously violate the rule for optimal use of material (1) . Golden rectangle canvases with the width-to-height ratio approximating ϕ are available on the market [11].
The goal of the present work is to derive new standard canvas and stretcher sizes for canvas, which simultaneously satisfy the golden and silver ratios as well as the rule for optimal use of material.
II. NEW STANDARD SIZES FOR CANVAS AND STRETCHERS
As has been mentioned in the Introduction, let's index the canvases withs the numbers i = 1, ..., 25 in the order of increasing sizes and call the width, and heights of F, P, and M formats at ith size as W (i), F (i), P (i), and M(i), respectively. The table of new standard sizes then has the form of Table II .
These widths and heights should follow the golden ratio and the porte d'harmonie number, as
as well as the rule for optimal use of material (1).
From Eqs.
(1) and (3), one obtains
Similarly, from Eqs. (1) and (4), one obtains
Dividing W (i+ 1) from Eq. (5) by W (i) from Eq. (2), one gets the ratio between two widths as
In the same way, dividing W (i + 2) from Eq. (6) by W (i), one obtains
Setting the width W (1) of the smallest size (i = 1) equal to w, from Eq. (7) one has
.......
which also satisfy Eq. (8) . Proceeding in the same manner, one ends up with
Proof of Eq. (12):
One can prove this formula by induction, namely if Eq. (12) holds for i = n, one has to show that it also holds for i = n + 1, that is if
then
From Eq. (1) one has F (n) = P (n + 1), therefore
Replacing P (i = n + 1) at the right-hand side of Eq. (3) with its expression determined by the right-hand side of Eq. (16), one gets
which is nothing but Eq. (14) that one has to prove.
Equation (12) (2) - (4), where the number in Table IV have been rounded up to mm. They are obtained by using the width for the smallest size. W (1) = w = 18 cm, that is the width of size 0 from the French standard sizes in Table I . Fig. 2 are the heights F (i), P (i), and M(i) of the F, P and M formats, respectively, plotted as functions of their width W (i) from the new standard sizes [ Fig. 2 (a) ] and the French ones [ Fig. 2 (b) ]. The dependences of the heights on the width in the new sizes follow the straight line y = ax with a = ϕ/2 for the F formats, a = 1/ √ 2 for the P formats, and a = 1/ϕ for the M formats [ Fig. 2 (a) ]. The line parallel to the y axis demonstrates that 3 heights F (i), P (i) and M(i) have the same width W (i), whereas the line parallel to the x axis shows that 3 widths W (i), W (i + 1), and W (i + 2) have the same height, fulfilling the rule for optimal use of material. The French sizes and their Japanese extension do not follow these rules as show in Fig. 2 (b) , where the symbols are not aligned to any straight lines. As the heights in the new standard sizes are equal to the width W (i) divided by 2/ϕ for the F format, √ 2 for the P format, and ϕ for the M format, one immediately sees that the ratio of the canvas circumference C(i + 1) to C(i) is equal that of their widths, that is
Show in
according to Eq. (12).
In the same way, one finds the ratio of the canvas area S(i + 1) to S(i) to be
From Eqs. (18) and (19) it follows that
with k = F , P , and M, where 
In Eq. (24) the property 1 + 1/ϕ = ϕ of the golden number ϕ is employed.
The circumferences and areas corresponding to the new standard canvas and stretcher sizes in Table IV are calculated and presented in Tables V and VI , respectively, so that one can readily use to estimate the cost of any stretcher and pre-stretched canvas, which are manufactured by using the new standard sizes.
When the new widths in Tables V and VI Tables V and VI will deviate from the golden ratio and the porte d'harmonie number. As can be seen from 
III. CONCLUSIONS
In the present work a formula has been derived to calculate the widths (longer lengths) of canvases and stretchers, whose heights (shorter lengths) in three figure, landscape and marine formats satisfy the golden ratio and the porte d'harmonie number as well as the rule for optimal use of material.
By using this formula the new standard canvas and stretcher sizes as well as their corresponding circumferences and areas have been calculated starting from the smallest width, which is equal to that of the French standards.
The exact fulfillment of the golden ratio and the porte d'harmonie number is the main feature that makes the new standard canvas sizes distinctive from the existing French, European and American ones. At the same time, the rule for optimal use of material, which the new sizes also follow, allow them to be easily manufactured in mass production.
Finally, the fact that the new heights are more compatible with the old widths from the French standard canvas sizes and their Japanese extension with respect to the golden ratio and porte d'harmonie number is another sound evidence that the old standard sizes are not based on these symmetries.
